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x € T,theset {y € T:y <t x} is well-ordered. All trees are
assumed to be rooted, i.e. to have a smallest element, and
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The height of x € T is htr(x) :=otp({y € T : y <71 x}).
Given an ordinal a, we let T, := {x € T : hty(x) = a} be
the ath level of the tree, and T[T ={x € T : hty(x) € T'}
for I' a set of ordinals. The height of T is the ordinal

ht(T) := min{a: T, = 0}.

Given a cardinal k, we say that T is a k-tree if ht(T) = k and
| To| < K for all a < k.

A branch in a tree is a maximal, totally ordered subset of T.
A branch is said to be cofinal if it meets every level of T.
Given a regular, uncountable cardinal x, a k-Aronszajn tree is
a k-tree without any cofinal branches.
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» Given x € T, we let IT(x) be the set of immediate successors
of x.

> Given AC T, welet fA:={xe T:3a€c A(a <x)}. For
aeT, ta:=1{a}.
Fix an infinite cardinal x. A tree is said to be
» rk-splitting iff for every x € T, |IT(x)| = &
» <k-splitting iff for every x € T, |I1(x)| < k.
When k = N, these are termed infinitely and finitely splitting,

respectively.
Warning: A tree can be neither finitely nor infinitely splitting.



Let x be an infinite cardinal and T a k' -tree.



Let x be an infinite cardinal and T a k' -tree.
We consider the following topology on T:



Let x be an infinite cardinal and T a k™ -tree.
We consider the following topology on T: a basis of open
neighbourhoods at x € T is given by all sets of the form 1Tx \ 1F,

where F € [I(x)]<".



Let x be an infinite cardinal and T a k™ -tree.

We consider the following topology on T: a basis of open
neighbourhoods at x € T is given by all sets of the form 1Tx \ 1F,
where F € [I(x)]<".

T




Remark

» When k = N, this topology is generated by all sets of the
form Tx and their complements. Termed the fine-wedge
topology by Nyikos.



Remark

» When k = N, this topology is generated by all sets of the
form Tx and their complements. Termed the fine-wedge
topology by Nyikos. We will speak of the k-fine-wedge
topology.



Remark

» When k = N, this topology is generated by all sets of the
form Tx and their complements. Termed the fine-wedge
topology by Nyikos. We will speak of the k-fine-wedge
topology.

> T is a Pi-space, i.e. intersections of <k-many open sets are
open.



Remark

» When k = N, this topology is generated by all sets of the
form Tx and their complements. Termed the fine-wedge
topology by Nyikos. We will speak of the k-fine-wedge
topology.

> T is a Pi-space, i.e. intersections of <k-many open sets are
open.

» If T is not k-splitting at x € T, i.e. |/(x)| < k, then x is
isolated.



Remark

» When k = N, this topology is generated by all sets of the
form Tx and their complements. Termed the fine-wedge
topology by Nyikos. We will speak of the k-fine-wedge
topology.

> T is a Pi-space, i.e. intersections of <k-many open sets are
open.

» If T is not k-splitting at x € T, i.e. |/(x)| < k, then x is
isolated.

We will focus on k-splitting k™ -trees.



Remark

» When k = N, this topology is generated by all sets of the
form Tx and their complements. Termed the fine-wedge
topology by Nyikos. We will speak of the k-fine-wedge
topology.

> T is a Pi-space, i.e. intersections of <k-many open sets are
open.

» If T is not k-splitting at x € T, i.e. |/(x)| < k, then x is
isolated.

We will focus on k-splitting k™ -trees.
Recall that a topological space is said to be A-Lindelof iff every
open cover has a subcover of size <.



Remark

» When k = N, this topology is generated by all sets of the
form Tx and their complements. Termed the fine-wedge
topology by Nyikos. We will speak of the k-fine-wedge
topology.

> T is a Pi-space, i.e. intersections of <k-many open sets are
open.

» If T is not k-splitting at x € T, i.e. |/(x)| < k, then x is
isolated.

We will focus on k-splitting k™ -trees.
Recall that a topological space is said to be A-Lindelof iff every

open cover has a subcover of size <.
Question

Let x be an infinite cardinal and T be a s-splitting x*-tree. When
is T xt-Lindeldf (with respect to the x-fine-wedge topology)?
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An alternative formulation

A subtree of T is a downwards closed subset of T.

Theorem (M.)

Let T be a k-splitting k*-tree. Then T is kT -Lindelsf iff every
<k-splitting subtree of T has height less than k™.

A cofinal branch through a tree is a <k-splitting subtree, therefore:
Corollary
Every k-splitting k™ -Lindel6f tree is kT -Aronszajn.
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Theorem (M. 2023)

» Ny-Suslin = N;-Lindeléf —> Ny-Aronszajn

Recall that a k" -tree is special if it can be written as a union of
Kk-many antichains.

» There is a special Aronszajn tree that is not Xy-Lindel6f.
» If $ holds, then there is a special ¥1-Lindel6f tree.
» MAy, implies that there are no Ni-Lindelof trees.

Theorem (Krueger, 2024)
» [f there is a Suslin tree, then there is a N1-Lindeldf tree that is
not Suslin.

» It is consistent that CH holds and there are no N;-Lindel6f
trees.
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For any infinite «, we still have that
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Theorem (M. 2024)

Assume that .+ and k<" = k hold. Then there is a special,
kTt -Lindelof tree.

<K

The assumption k<% = k implies that k is regular, so:

Question
What happens at successors of singulars?
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The proxy principles, developed by Brodsky and Rinot, allow one
to construct a wide variety of k-Suslin trees, via the so-called
microscopic approach. The proxy principles are a finer version of
square principles, plus (sometimes) diamond(s).

Features
> Greater flexibility.

» Can deal with regular and singular cardinals simultaneously,
one proof works.

» The trees built this way are sequence trees, subsets of X for
some set X.

» In the Jensen approach, a diamond sequence guesses an
antichain at stage «, and the construction kills it at stage a.
In the microscopic approach, guessing and killing happen at
different stages.
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Theorem (Brodsky-M.)

Let k be an infinite cardinal. Assume that
Pu(sT, k1T, C,1,{k"},xT,1) holds. Then there is a special
kT -Lindel6f tree.
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Is it consistent that there is an No-Aronszajn tree, but no
No-Lindelof trees?

Given an Ny-splitting No-tree T, consider the poset P of partial
countable functions p: T — [T]=R0 \ {§)} satisfying that

Vx,y € dom(p) [x < y — y[(ht(x) + 1) € p(x)].

Order P by reverse inclusion.
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Forcing with P adds a <Ns-splitting subtree of height Ny to T.
The Laver-Shelah techniques can be carried out with these posets:
starting with a weakly compact cardinal in a model of CH, we
collapse it with countable conditions, then iterate the posets of the
previous slide with countable supports. A suitable book-keeping
function makes sure we deal with every possible tree.

Theorem (Brodsky-M. 2026)

Assume there is a weakly compact cardinal and CH holds. Then
there is a forcing extension in which there is an Xy-Aronszajn tree
but no No-Lindel6f trees.



Thank you :)



