ADDING R, MANY COHEN REALS
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ABSTRACT. Abstractly, the generic extensions after R,,-many Cohen reals and
R, 41-many Cohen reals must be different for reasons of uniform density the
relevant Boolean algebras. Nevertheless this is not satisfying and it would be
nice to pin the difference between the two models down to some mathematical
or combinatorial principle. In this paper we provide such a principle.

§ 0. INTRODUCTION

Let Add(w,R,,) be the poset for adding X,-many Cohen reals . In V¥, the con-
tinuum must be at least X,,. By Konig’s Lemma, the continuum has uncountable
cofinality, hence it must be at least N,11. One can then ask whether this is dif-
ferent from adding ®,i-many Cohen reals, i.e. forcing with Add(w,R,y1). More
precisely, if G is Add(w, R, )-generic over V, is there an H which is Add(w,Ny,41)-
generic over V' such that V[G] = V[H]. The (folklore) answer to this is “No”,
and in fact V[G] doesn’t even contain a filter which is Add(w, R,,41)-generic over
V', Proposition below. However, the proof of this is somewhat unsatisfying, as
it relies on abstract forcing considerations involving the (uniform) densities of the
complete Boolean algebras. It is therefore desirable to exhibit a combinatorial or
“mathematical” principle which distinguishes the two models. The purpose of this
note is to provide one.

Definition 0.1. Let 0 < 6 < p < A be cardinals. The statement Pr(o, 0, u, A)
states that there is a F satisfying the following:
(A) F = (F.:c€[N°)isasequence so that for all ¢ € [\]° we have F, C P(c).
(B) For all ¢ € [A\]” we have that F. has cardinality at most 6.
(C) For every A € [A* there is a sequence (B; : i < p) so that
(a) A=U;., Bi and
(b) B;Nce F, forall c €[\ and i < p.

We will show the following.

Theorem 0.2. Assume GCH. Let Py = Add(w,R,,) and let P; = Add(w,Ny41)-
The following hold:

(A) For alln < w lkp, Pr(®,, R, 11, R, Nyy1)
(B) For allm < w lFp, =Pr(R,,, R, 41, R, N,11)
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Thus the above says that in particular Pr(Rg, Ry, Ry, R,4+1) is the desired prin-
ciple. In fact Theorem [0.2] holds in more generality - namely we can take u to be
a strong limit cardinal of countable cofinality, and ¢ < p infinite and we get that
adding p many Cohen reals forces Pr(c,2%, u, u+) while adding p™-many Cohen
reals forces —Pr(c,27, u, ™). These two pieces are proved below as Lemmas
and [3.1] respectively.

The rest of this paper is organized as follows. In the next section we make some
preliminary observations about adding XN, versus adding ®,;; Cohen reals. In
Section we prove the generalization of Item (1) of Theoremwhile in Section
we prove the generalization of Item (2) of Theorem m The paper concludes with
some questions for further research. Throughout our notation is mostly standard,
conforming e.g. to that of [6] or [§]. Those texts are referred to for any undefined
terms.

§ 1. SOME PRELIMINARY OBSERVATIONS

If x is an infinite cardinal, we let Add(w,x) be the poset for adding x-many
Cohen reals. More precisely, Add(w, k) is the set of finite partial functions K — 2,
ordered by reverse inclusion. We will argue that, if kK < A, then a generic extension
of V by Add(w, k) does not contain a filter that is Add(w, A)-generic over V. This
result is folklore but a proof is hard to find in the published literature, we will follow
the outline in [4].

We collect some facts from the elementary theory of Boolean algebras. If B is a
Boolean algebra and b € B, then B, = {c¢ € B : ¢ < b}, which can be made into a
Boolean algebra (with top element b) in an obvious way. We let BT = B\ {0}. If A
is a subalgebra of B, then A is said to be a regular subalgebra of B iff for all X C A,
if \/* X exists, then so does \/® X and moreover \/* X = \/* A. If B is complete,
we will say that A C B is a complete subalgebra if it is a regular subalgebra of B
that is also complete as a Boolean algebra.

We will need the following cardinal function:

Definition 1.1. If B is a Boolean algebra, we define its density by
d(B) := min{|D| : D is dense in B},

where D is dense in B iff D C Bt and for all b € BT there exists d € D with d < b.
We say that B has uniform density iff d(B) = d(By) for all b € BT.

Unlike the topological notion, the Boolean algebraic density is nicely monotone:

Lemma 1.2 (folklore?). Let A be a complete subalgebra of a complete Boolean
algebra B. Then d(A) < d(B).

Proof. Let D C B be dense. For d € D, let
ud::/\{aEA:dga}.

We will be done if we can argue that {ug : d € D} is dense in A. So, fix a € A. By
the density of D, there exists some d € D with d < a, hence uq < a. O

Lemma 1.3 ([, Lemma 25.5(a)]). Let B and C be complete Boolean algebras. Let
G and H be B and C generic over V, respectively, and suppose that V[G] = V[H].
Then there exists 1 € V, b € B and ¢ € C such that w : By, = C. and 7[B, N G] =
C.NH.

The Cohen algebra on « is C,; := ro(Add(w, k)), i.e. the Boolean completion of
Add(w, k).
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Lemma 1.4. Let k be an infinite cardinal. The algebra C, is homogeneous and
has (uniform) density k.

Proof. For the homogeneity, see [7, Corollary 12.5]. The uniform density assertion
follows from homogeneity and the fact that d(C,;) is also the smallest size of a dense
subset of Add(w, ), which is easily seen to be k. O

Proposition 1.5 (folklore?). Let k < X be infinite cardinals. In VAIUr) there is
no Add(w, \)-filter that is generic over V.

Proof. Suppose not. Then we can find G which is C,-generic over V and H which
is Cy-generic over V such that H € V[G]. Obviously, V C V[H] C V[G]. By
the intermediate model theorem (see [0, Lemma 15.43], there exists B a complete
regular subalgebra of C, such that V[H] = V[G NB]. By Lemma there exist
b € B and ¢ € Cy such that B, = (Cy), (in V). But then, by Lemm and [1.4]

A=d((Cy)c) = d(By) < d(B) = &,
which is a contradiction. O

Remark 1.6. If we don’t insist on fixing the ground model, the previous theorem
can fail. In other words, it is consistent (modulo large cardinals) that there is a
pair of models V' C W such that adding few Cohen reals to W adds a lot of Cohen
reals to V, see [2] and [3].

Towards a slightly more mathematical distinction between the two models we
also observe the following.

Proposition 1.7. Assume CH. Let Gy be Add(w,N,)-generic over V and let G4
be Add(w, N, +1)-generic over V.

(A) In VI[Go] there are Ri-many Borel functions {fo : & € w1} and a set of

N, -many reals, A = {aq : @ € Ry} so that the following hold.

(a) For all o < wy the domain of fo is [w*]*.

(b) For every x € w¥ there is a ¢ € N,]* NV and an o < wy so that
v = fal{a € € c}).

(B) In V[G1] the converse of the above holds, namely, for every Ry-many Borel
functions {fo : @ € w1} and every set of R, -many reals, A = {a, : @ € N, }
there is an x € w* so that x ¢ {fa({ac : € € ¢}) : a € wi} for any
ceR,¥NV.

‘We note in contrast to this there is no concrete, cardinal characterstic that could
separate the models V[Gp] and V[G;] as these must in fact be the same, see [1]
Section 11.3].

Proof. Each part is a consequence of the ccc. For the first part let {f, : & € wy}
be the ground model Borel functions and let A = {a, : a € V,} be the set of
Cohen generic reals coming from Gg. If & is a nice name for a real then it is
well known, see e.g. [I1, Theorem 4.1.2], that there are ¢ € [X,]“ NV so that
& is forced to be in Viag : £ € ] and in that model there is an o < w; so that
G0 = fa{ae : € € ¢}). For the second part observe that any N,-many reals and
any Ni-many Borel functions were added by X,-many of the Cohen reals in G; and
hence there is a Cohen real generic over the model containing all of them. O

We conclude this section by making some simple observations about the principle
Pr(o,0, 1, A) in an attempt to clarify it and prepare the reader for the arguments
in Lemmas and All of these are easy, as should be obvious to the reader
who is clear on what the principle states.

Proposition 1.8. Let 0 < 0 < u < X be infinite cardinals.
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(A) If 0 =27, then Pr(o,0, 1, \) is true for any choice of p and .

(B) If A\ = pt, the statement Pr(o,0, pu, \) is unchanged by allowing in clause
(C) of the definition that A has size < \.

(C) Pr(o,0,u, A) is monotone in 0 and p. More precisely, if 0y < 01 or pg < p1
are infinite cardinals, then Pr(o, 0, o, A) implies Pr(o, 61, p1, A).

Proof. For (A) note that if = 27 then letting F. := P(c) satisfies the requirements
of the principle.

For (B), note that since o < @ we have that for any F as in the statement of
Definition [0.1{ we can define 7 by F.={0}u{{a} | a€ctUF, and F. will still
have size at most §. Now for each A C X of size <\, by A = u* we can enumerate
A (possibly with repetitions) as A = {a¢ : £ < p}. Then {ae} Nec € F, for any
ce [N,

For (C), any witness to Pr(o, 6y, 1o, A) will witness Pr(o, 61, to, A). For the mono-
tonicity in p, let F witness Pr(o, 6g, to, A) and note that we may assume without
loss of generality that () € F. for every ¢ € [A]7. Given A € [A]7, let (B¢ : & < po)
witness Definition [0.1[C) and set Be = 0 for & € [uo, p11). This works. O

As a consequence of the above we have the following.

Lemma 1.9. If GCH holds then Pr(o, 0, u, X) holds for every infinite o < 0.

§ 2. ADDING FEW COHENS

In this section we prove the promised generalization of part 1 of Theorem [0.2
First, a definition:

Definition 2.1. Let P be a forcing poset and £ an cardinal. We say that I has
the r-covering property iff for every p € P and every P-name X for a set of ordinals
with p IF | X| < &, there exists ¢ < p and Y with |[Y| <k and ¢glF X CY.

Clearly, if P has the k-covering property, then forcing with P preserves . Also,
if k is regular, then every k-cc poset has the k-covering property.

In the next lemma, if k is a cardinal and we’re working in a generic extension
VP then the symbol || refers to the cardinality of x as computed in VF.

Lemma 2.2. Assume 27 = 0 < p < A. Let P be a forcing notion that has the
ot -covering property and such that It |G| < |u|. Then Ikp Pr(|ol, 6], |ul, |A])-

Note that the first part of Theorem [0.2]follows from the above by assuming GCH
and subbing in (X,,, N, 11, Ny, V1) for (0,0, u, N).

Proof. Fix 0,0, u, A and P as in the statement of the theorem. Since P has the
oT-covering property, there is a name ® such that the following is forced by P:
“«@ - [Nl = ([N]9)Y and for all ¢ € [\]I7], ¢ C ®(c)”.

Working in VT, for each ¢ € [A]l? let F, = {anc:a € VNP®()} Note
that for every ¢ we have that F, has cardinality at most (2°)" = || and hence
F = (F.:c € [)\) satisfies the first two clauses of Deﬁnitionﬁ Back in V let F
name this sequence and for each ¢ let F: be the name for the associated element.
We need to see that the third clause of Definition [0l is forced.

Suppose that A is a P-name such that I+ A C X. For each ¢ € P, let B, ={¢<
A:ql-&e A}, Note that I A = Ugee Bg- Now let ¢ be a P-name for a |o|-sized

subset of \. If ¢ € P, then IF B, Né = B, N®(¢) Né € Fs because IF &(¢) € V. O

Remark 2.3. The proof of the previous lemma shows something slightly more gen-
eral, because it produces a decomposition for each subset of A, not just those in
[[A]JIM. Also, the decomposition is of size at most ||, not exactly u (to get exactly
u, simply pad with @’s).
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§ 3. ADDING MANY COHENS

Now we prove the failure of the principle after adding p+-many Cohen reals thus
complementing Lemma [2.2]

Lemma 3.1. Assume p is a strong limit cardinal of countable cofinality, o < 0 < i
and A= pt. If P = Add(w, ), then IFp —=Pr(c,0, 1, A).

Proof. We argue by contradiction. By homogeneity of P, we may assume that
IFp Pr(o,0,u,)\). Let F witness this. We aim to produce a name for a A-sized
subset of A which cannot be decomposed as in Definition Actually, we will
produce 1 many sets and show by contradiction they cannot all be decomposed
as we want.

Let ¢ be a P-name for the generic function A\ — 2. For £ < 67, let Ag be a name
for the set {a < A : (07 -+ &) = 1}. An easy genericity argument confirms that
each Ag is forced to have has size A and that they are all distinct.

Since we assume it is forced that Pr(o, 0, u, A) holds we have names Bg,i for
€ < 0% and i < p so that

I+ Ag = U{B§7i 11 € ,u}
Definition C) holds. Our goal is to find a ¢ € [A]” such that ¢cN Bg ; are pairwise
distinet for 0T many pairs (£, 7). Since each of these must, by definition, be in F,
we will contradict the assumption that this set has size at most 6.

To find this set of pairs (£,4) we will repeatedly thin out the sets we have con-
structed to get more and more homogeneity. To begin this process, for each £ < 8%
and a < X\ we can pick (p¢qa,ic,q) S0 that i¢ o < p and pe o I @ € Be s, . Note
that any such p¢ o forces in particular that & € Ag and therefore we have that

(1) 0 - a+&1) € pea.
Applying pigeonhole judiciously to this situation and further thinning out we can
find moreover for each a < A a set uq € [07]% so that:

e the sequence i, = (te,a : € € uqg) is bounded in p;

o (dom(pe,a) : € € uqa) forms a A-system;

o (Pe.a 1 & € uq) are pairwise compatible with common intersection r,.
Fixing «, note that at most finitely many £ € u, can 67 - o + £ € dom(r,). By
throwing out these finitely many elements we can assume that

(2) Va < A\VE € u [07 - o+ € & dom(r,)].

Claim 3.2. There are X, € AP, u, € [07]?" and i, € © p so that for every
o € X, we have that ug, = uy and iy = 14.

Proof of Claim. This is another pigeonhole argument. There are (9+)9+ possibili-
ties for u, and (0*)9Jr < p < X because p is strong limit, so there exist X € [A]*
and u, € [0*]9+ such that u, = u, for all & € X. Now, if @ € X, i, is bounded
in p, so we can find v, < p such that i¢ o < v, for all £ € u,. Shrinking X if
necessary, we may find v < p such that v, = v for all @« € X. But now there are
V9" <y many possibilities for 7, so we can now find X, € [X]* and i, such that

iy =i for all @ € X,. O

Next we aim for even more homogeneity. Let S := {a € [u, \) : cf(a) = 61}
For each § € S, set 85 := min(X, \ 9).

Claim 3.3. For each § € S there is a s € [, d) so that, if £ € u, then pe s | 6 =
Pe.ps |76
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Proof of Claim. By the finiteness of the domains and the fact that § is a limit
ordinal there is always a vs5¢ < ¢ with the property that ps g, [ § = pegs | Vs.e-
The point is that now since ¢ has cofinality 67 and the &’s range over a subset of
0 there is a 5 = supge,, Vs5.e < 0. O

Since § — 75 is a regressive function on S we can find a stationary set S, C S
with the property that for all § € S, we have 5 = 7, for some fixed .. Note that
|7«] = p. Now for each o € S, consider the function a +— sup[|J{dom(pe g,) : § €
Uy }]. We can find a club E bounding this function - i.e. for every a € S, we have

(3) sup [U{dom(pgﬁa) €€ u*}] < min[E \ (a4 1)].
Let X.. be the set {fs:d € S, NE}.

Claim 3.4. Let d,¢ € S, N E with 0 < €. If Bs, B are distinct elements of X,
then we have that

({dom(pe 5,) : € € w} N J{dom(pes.) : § € u} €.
Proof. Fix &,1 € u.. By (3), dom(peg,) C ¢, hence
dom(pe,g,) N dom(py,.) = dom(pg g;) N dom(py,p.) Ne
= dom(pg,g,) N dom(pe,5.) NV,
<,
where the second equality is by the choice of ~,. O

Let (W, : n < w) be a C-increasing sequence of sets of size <p so that |J, ., Wy, =

~v*. For 6 € ENS, and £ € u, there is an ns¢ € w so that
(4) dom(p&ﬁa) Ny C Wn&,s

simply by the finiteness of the domains. But this implies that for every 6 € S, N E
. ot

there is a u. s € [us]” so that ns,¢ = ns for some fixed ns € w and every £ € u, 5.

By a pigeonhole argument, we can find a stationary set S,. C S, N E, together

with n € w, Uy, € [u*](’Jr and a family (pe : £ € uss) so that, for every 6 € S.., the

following hold:

n<w

e ns=mn;
O Ux 5 = Usxx;
b <p§,55 [ Wi 1 & € Uii) = <p§ D€ € Us).

Reaching back to the beginning of the proof we can observe that (pe : § € wy)
forms a A-system by merit of being a family of restrictions of (pg o : £ € u,) which
was constructed. Therefore, we can find a finite set y C W,, and p* so that for
distinct &1,&2 € w4 we have dom(pg,) Ndom(pe,) =y and pe, [y = pe, [ y = p*.
Let ¢ C {Bs : § € Sy} be of size 0. Let ¢ be a name for Bgﬂ-ﬁ N ¢ By the
assumption on the Bg,i’s and the formulation of Definition we must have that

IFze € F: for every € € uy..
We will now contradict (B) by showing that:

Claim 3.5. p* forces that there is a set u; € [u**]e’+ so that T¢, # Z¢, for every
pair of distinct &1,&2 € us.

Proof of Claim. Let 7 be the name for the set of { € u.. so that p¢ € G. This set
is forced by p* to have size 8. To see this, observe that otherwise some ¢ < p*
forces it to have size at most 6 so fix such a ¢ and let § < 8 be an ordinal so
that ¢ IF 44 C u«s N0, Fix an £ € u4.. Since g strengthens p*, if pe and ¢ are
incompatible, there is an 7 ¢ y so that p¢(n) # ¢(n) and in particular their domains
intersect outside of . Since the domains of the p¢’s however form a A-system there
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is at most one such ¢ for n € dom(q)\y. As ¢ has finite domain, there are cofinitely
many & € u. so that pe and ¢ are compatible, so in particular there is one such &
with £ > 0. But now if » < pg, ¢ then r I & € 44 \ §, which is absurd.

Now, towards a contradiction suppose that & # & € u.. and let p’ < p* force
that &1,&2 € Ut but &g, = T¢,. By Claim Jfor each ¢ € dom(p’) \ 7«, there exists
at most one §§ € ¢ such that ¢ € dom(pg, g). Since c is infinite and dom(p’) is finite,
it follows that we can find some 8 € ¢ such that

(5) V¢ € dom(p') \ 7«[¢ & dom(pg, 5)]
and
(6) 0% - B+ & ¢ dom(p').

By 7 recall that we have that 61 -3+ & € dom(pg, ). On the other hand, by
@),
07 - B+ & ¢ dom(rg) = dom(pg, ) N dom(pe,g),
and therefore 07 - 8 + & & dom(pe, ). Define

7= p' U [pg, g1 (dom(pg, ) \ dom(p®))] U {(07 - B+ &2,0)}
We need to argue that r is a condition, the issue being the compatibility of p’
and pg, g. Fix ¢ € dom(p’) N dom(pe, g). By , ¢ < v*, hence ¢ € W, by ,
But p¢, gIW, = pe, and p' IF & € uy, so p' and pe, are compatible, therefore
pe;,8(¢) = ' (), as desired.

We have shown that r is a condition extending pe, g, so r |- 8 € Bg, ;. by
the choice of pg, g. On the other hand, r I+ 3 ¢ Agz because (01 - 8 + &;,0), and
therefore r I 3 ¢ BEN for any i < p. This contradicts the assumption that p’
forces ¢, = %¢,, thus proving the claim. o

By the last claim, p* forces that F; has size at least 7, so we have reached our
final, promised, contradiction so we are done. O

Remark 3.6. We note that in the above we really only needed that cf(u) < 6%
to run the argument. Under this assumption, one writes v, = |J i< W; for some
regular v < 6. The proof then proceeds the same, mutatis mutandis.

The principle Pr(c,0, u, \) is similar - though not evidently the same as that
considered in [9], see also [10] for a more complete treatment. In [9] principles of
this form are shown to imply several mathematical statements involving e.g. almost
free groups. It would be interesting to know whether the same holds here.

Question 3.7. What applications does Pr(c, 0, 1, A) have to other types of struc-
tures? Does a statement of this form distinguish adding XN, from adding N1
-many Cohen reals?

More generally it would be nice to know more about the principle Pr(o, 6, i, \).
On this note we ask the following.

Question 3.8. What consequences more generally does Pr(c, 0, u, ) have for the
choices of o, 6, pn and A considered in this paper? For example, could it be equivalent
to some partition principle or its negation?

We note that our analysis above does not allow us to separate these principles
when the final coordinate is different. Therefore we ask the following.

Question 3.9. Is it consistent that Pr(o, 8, u, A\o) A = Pr(o, 0, u, A1) holds for some
Ao < A1.

Finally along these lines we also ask,
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Question 3.10. Can Pr exhibit any incompactness? For example, is it consistent
that Pr(Rg, N1, Ng, N,,) holds for every n > 2 but Pr(Rg, 8y, N, N,,) fails?

—_

(10]
11]

REFERENCES

Andreas Blass. Combinatorial cardinal characteristics of the continuum. In Matthew Foreman
and Akihiro Kanamori, editors, Handbook of Set Theory, volume 1, pages 395-490. Springer.
Moti Gitik and Mohammad Golshani. Adding a lot of Cohen reals by adding a few. I. Trans-
actions of the American Mathematical Society, 367(1):209-229, 2015.

Moti Gitik and Mohammad Golshani. Adding a lot of Cohen reals by adding a few. II.
Fundamenta Mathematicae, 231(3):209-224, 2015.

Joel David Hamkins (https://mathoverflow.net/users/1946 /joel-david hamkins). Reals added
after cohen forcing ii. MathOverflow. URL:https://mathoverflow.net/q/107093 (version:
2012-09-14).

Thomas Jech. Set theory. Pure and Applied Mathematics. Academic Press [Harcourt Brace
Jovanovich, Publishers], New York-London, 1978.

Thomas Jech. Set theory. Springer monographs in mathematics. Springer-Verlag, Berlin, 2003.
Sabine Koppelberg. Handbook of Boolean algebras. Vol. 1. North-Holland Publishing Co.,
Amsterdam, 1989.

Kenneth Kunen. Set theory, volume 34 of Studies in Logic (London). College Publications,
London, 2011.

Saharon Shelah. [Sh:108] On successors of singular cardinals. In Logic Colloguium 78
(Mons, 1978), volume 97 of Stud. Logic Foundations Math., pages 357-380. North-Holland,
Amsterdam-New York, 1979. MR567680.

Saharon Shelah. [Sh:88a] Appendiz, pages 483-495. 1985. appendix of [Sh:88].

Jindtich Zapletal. Forcing idealized, volume 174 of Cambridge Tracts in Mathematics. Cam-
bridge University Press, Cambridge, 2008.

(P. Marun) INSTITUTE OF MATHEMATICS, CZECH ACADEMY OF SCIENCES, ZITNA 25, PRAGUE

1, 115 67, CzECH REPUBLIC

URL: https://pedromarun.github.io

(S. Shelah) EINSTEIN INSTITUTE OF MATHEMATICS, THE HEBREW UNIVERSITY OF JERUSALEM,

9190401, JERUSALEM, ISRAEL; AND, DEPARTMENT OF MATHEMATICS, RUTGERS UNIVERSITY, PIs-

CAT

"AWAY, NJ 08854-8019, USA

URL: https://shelah.logic.at/

(C. B. Switzer) KURT GODEL RESEARCH CENTER, FACULTY OF MATHEMATICS, UNIVERSITY OF

VIENNA, KOLINGASSE 14 — 16, 1090 WIEN, AUSTRIA


https://www.ams.org/mathscinet-getitem?mr=567680

	§ 0. Introduction
	§ 1. Some Preliminary Observations
	§ 2. Adding few Cohens
	§ 3. Adding Many Cohens
	References

