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Abstract. We add to the theory of preservation of topological properties
under forcing. In particular, we answer a question of Gilton and Holshouser in
a strong sense, showing that if player II has a winning strategy in the strong
countable fan tightness game of a space at a point, then this continues to hold
in every set forcing extension of the universe. The same is also true for the
Rothberger game, but not for the countable fan tightness or Menger games.

1. Introduction

Suppose that V ⊆ W are transitive models of set theory and that (X, τ) ∈ V is
such that V |=“(X, τ) is a topological space”. From the point of view of W , (X, τ)
need not be a topological space, because W may contain new subsets of τ whose
union is not in τ . On the other hand, from the point of view of W , τ is a basis for
some topology on the set X, and one can ask how this topology compares with τ .
In practice, one often starts with a topological space (X, τ) satisfying a property Φ
in some ground model V , passes to a generic extension by some forcing P, and asks
whether the topology generated by τ in V P satisfies property Φ. In general, there
is no straightforward answer to this question; the situation depends on the space
(X, τ), the property Φ and the forcing poset Φ. The following examples illustrate
this:
Example 1.1 ([3, Example 4.1]). Let X be the closed unit interval [0, 1] with the
Euclidean topology. If P is any forcing that adds a new real, then X will not be
compact in V P, for it contains all the rationals between 0 and 1 and is therefore
not closed as a subset of the closed unit interval of the generic extension, which is
a compact Hausdorff space in V P.

A less trivial example:
Example 1.2 (Burke, [12, Theorem 17]). The space X = ω12 with the product
topology1 is compact by Tychonoff’s theorem, but is not even Lindelöf in the generic
extension by Add(ω1, 1). Indeed, let ġ be a name for the generic function ω1 → 2.
For each α < ω1, let U̇α be a P-name for the set

{x ∈ X : x(α) = ġ(α)}.
Observe that the interpretation of U̇α by any generic filter is a ground-model open
set, hence it is forced that U̇α is open in X (with respect to the new topology).
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An easy genericity argument shows that 
 X =
⋃

α<ω1
U̇α, but no countable sub-

collection of {U̇α : α < ω1} can cover X.

The preservation of the Lindelöf property under countably closed forcings has
received the most attention in the published literature, so much so that “indestruc-
tible Lindelöf” usually means a Lindelöf space which remains so after any countably
closed forcing. For a wealth of information on this matter, see [12] and [11].

In this paper, we consider the preservation of game-theoretic versions of clas-
sical topological properties, namely the Menger and Rothberger properties, which
strengthen the Lindelöf property, and (strong) countable fan tightness, a strength-
ening of countable tightness. In [3, Question 8.1], Gilton and Holshouser ask
whether player II having a winning strategy in the strong countable fan tightness
game is preserved by strongly proper forcings (for undefined notions, see section 2).
Our main theorem shows that the answer is “Yes”, in a very strong sense:

Theorem A. Suppose that (X, τ) is a topological space and player II has a winning
strategy in the strong countable fan tightness game for X. Then this is preserved
in any forcing extension of V .

The same proof will give the following theorem, which strengthens [3, Theorem
7.2]:

Theorem B. Suppose that (X, τ) is a topological space and player II has a winning
strategy in the Rothberger game for X. Then this is preserved in any forcing
extension of V .

The crucial difference between the games mentioned in Theorems A and B and
the closely related countable fan tightness and Menger games lies in the fact that,
in the former games, player II plays a single point or open set, respectively, on each
move, whereas in the latter, they play a collection of points or open sets of arbitrary
finite size on each move. As we will see, due to this difference, the analogues of
Theorems A and B for the countable fan tightness and Menger games provably fail.

2. Preliminaries

If (X, τ) is a topological space and P is a forcing notion, then we let (X, τP) denote
(a name for) the space with underlying set X and topology generated by τ in the
generic extension V P. We will abuse notation and speak of “the space X”, with the
understanding that the model in which the topological properties are evaluated can
be deduced from context. For example, when we write “
P X has property Φ”, we
really mean X as computed in the P-generic extension, i.e. that it is forced that
(X, τP) has property Φ. One way around these technicalities, suggested by Dow in
[1], is to redefine the notion of a topological space to mean a pair (X,B), where
B is a basis for a (unique) topology on X. Being a basis is absolute for transitive
models of ZF, which renders mute the notational considerations above, but we will
follow the more common, if slightly ambiguous, terminology and definitions.

If κ and λ are cardinals, with κ infinite, then Add(κ, λ) is the poset for adding
λ-many Cohen subsets of κ. More precisely, Add(κ, λ) consists of the set of partial
functions λ× κ ⇀ 2 of size less than κ. We order Add(κ, λ) by (reverse) inclusion.

Let P be a forcing poset. We will say that a regular cardinal θ is sufficiently
large (for P) iff P(P) ∈ Hθ. If other objects, like a topological space (X, τ), are at
play, the phrase “sufficiently large” will also imply that these objects belong to Hθ.
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The following definition goes back to Mitchell in [8]:

Definition 2.1. Let P be a forcing poset and θ a sufficiently large regular cardinal.
Given a well-ordering / of Hθ, a model M ≺ (Hθ,∈, /) and a condition q ∈ P, we
say that q is strongly (M,P)-generic (also called a strong master condition for M)
iff for every set D ⊆ P ∩ M which is dense in the poset P ∩ M , q 
P Ď ∩ Ġ 6= ∅,
where Ġ is the canonical P-name for the generic filter. When the model M and/or
the poset P are clear from context, we will drop reference to them.

Given M ≺ Hθ, we say that P is M -strongly proper iff for all p ∈ P ∩M there
exists q ∈ P so that q ≤ p and q is strongly (M,P)-generic.

Given a non-empty collection S of elementary submodels of Hθ with P ∈
⋂

S,
we say that P is S-strongly proper iff P is M -strongly proper for all M ∈ S.

For more on strong properness, in particular its comparison with Shelah’s notion
of properness, see [9, Section 3] and [3, Section 3].

Recall that a topological space (X, τ) is a Lindelöf space iff every open cover has
a countable subcover. We will be concerned with the following two strengthenings
of the Lindelöf property:

• A topological space (X, τ) has the Rothberger property (or simply “is Roth-
berger”) iff for every sequence 〈Un : n < ω〉 of open covers of X, there exists
a sequence 〈Un : n < ω〉 with Un ∈ Un for every n ∈ ω so that {Un : n < ω}
covers X.

• A topological space (X, τ) has the Menger property (or simply “is Menger”)
iff for every sequence 〈Un : n < ω〉 of open covers of X, there exists a se-
quence 〈Fn : n < ω〉 with Fn ∈ [Un]

<ω for every n ∈ ω so that {
⋃

Fn : n <
ω} covers X.2

Clearly, every compact space is Menger, but being Rothberger is a stronger
property:

Example 2.2. Let X be the closed unit interval with the Euclidean topology. Choose
a sequence 〈rn : n < ω〉 of positive numbers with

∑
n rn < 1. For each n ∈ ω, let

Un be the collection of open subsets of X which have Lebesgue measure at most rn.
Clearly, Un covers X. If Un ∈ Un for every n, then

⋃
n Un has measure at most∑

n rn < 1, hence does not cover X. Thus, X is compact but not Rothberger.

Definition 2.3. Let (X, τ) be a topological space and x ∈ X. We say that
• (X, τ) has strong countable fan tightness at x iff for every sequence 〈An : n < ω〉

of subsets of X with x ∈ cl(An) for every n ∈ ω, there exists a sequence
〈xn : n < ω〉 with xn ∈ An for every n < ω and x ∈ cl({xn : n < ω}).

• (X, τ) has countable fan tightness at x iff for every sequence 〈An : n < ω〉
of subsets of X with x ∈ cl(An) for every n ∈ ω, there exists a sequence
〈Fn : n < ω〉 with Fn ∈ [An]

<ω for every n < ω and x ∈ cl(
⋃

n Fn).

We will now introduce a series of game analogues of the aforementioned topo-
logical properties. For a survey on the topic of topological games, see [13].

If (X, τ) is a topological space and x ∈ X, then the strong countable fan tightness
game for X at the point x is a two-player game of length ω that proceeds as follows.
In each round, player I first plays a set An ⊆ X such that x ∈ cl(An); then player

2for a set A, [A]<ω denotes the family of finite subsets of A.
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II plays a point xn ∈ An. Player II wins iff x ∈ cl({xn : n < ω}); otherwise, player
I wins.

If (X, τ) is a topological space and x ∈ X, then the countable fan tightness game
for X at the point x is a two-player game of length ω that proceeds as follows. In
each round, player I first plays a set An ⊆ X such that x ∈ cl(An); then player II
plays a finite set Fn ⊆ An. Player II wins iff x ∈ cl(

⋃
n<ω Fn); otherwise, player I

wins.
If (X, τ) is a topological space, then the Rothberger game for X is a two-player

game of length ω that proceeds as follows. In each round, player I first plays an
open cover Un of X; then player II plays an open set Un ∈ Un. Player II wins iff
{Un : n < ω} covers X; otherwise player I wins.

If (X, τ) is a topological space, then the Menger game for X is a two-player
game of length ω that proceeds as follows. In each round, player I first plays an
open cover Un of X; then player II plays a finite subset Fn ⊆ Un. Player II wins iff
{
⋃
Fn : n < ω} covers X; otherwise player I wins.

We have the following well known fact.

Lemma 2.4. Let (X, τ) be a topological space. Suppose that player II has a win-
ning strategy in the Rothberger (respectively Menger, strong countable fan tightness,
countable fan tightness) game. Then (X, τ) is Rothberger (respectively is Menger,
has strong countable fan tightness, has countable fan tightness).

Proof. We prove the lemma for the Menger property, the other cases are analogous.
Let σ be a winning strategy for player II in the Menger game. Given 〈Un : n < ω〉
a sequence of open covers of X, consider the run of the game where I plays Un on
round n. Let Fn be the play by II at round n according to σ. Then

⋃
n Fn covers

X, because σ is winning, and so X is Menger. �

For any undefined set-theoretic notions, see [5] or [6]. For any undefined topo-
logical notions, see [2].

3. Strong Properness

The following proposition was proven by the second author in his PhD thesis
(see [7, Theorem 3.32]), and independently and almost at the same time by Gilton
and Holshouser (see [3, Theorem 4.6]).

Proposition 3.1. Let P be a forcing notion, (X, τ) a topological space, and θ a
sufficiently large regular cardinal. Let S be a stationary subset of [Hθ]

ω and suppose
that P is S-proper. If (X, τ) is Lindelöf, then 
P X is Lindelöf.

The following lemma appeared, in greater generality, in [4, Lemma 1.12]. The
proof presented there has a very small gap, so we will use this opportunity to
reprove the case that is of interest to us:

Lemma 3.2 (Gilton-Neeman). Let κ ≥ ω1 and set P := Add(ω, κ). Let Q̇ be
a P-name for a σ-closed forcing. Let θ be a sufficiently large (for P ∗ Q̇) regular
cardinal and M ≺ Hθ be countable. Then the two-step iteration P∗ Q̇ is M -strongly
proper.

Proof. Fix a surjection ϕ : ω � M and a condition (p0, q̇0) ∈ M ∩ (P ∗ Q̇). Choose
an ordinal α ∈ ω1 \ M and let ḟ be a P-name for the αth real added by P, i.e.

P ḟ =

⋃
{p(α, ·) : p ∈ Ġ}, where Ġ is a name for the P-generic filter.
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Recursively define 〈q̇i : i < ω〉 as follows (with q̇0 already defined): given q̇i, by
the maximum principle we can find a name q̇i+1 for a condition in Q̇ so that


P

[(
ϕ(ḟ(i)) ≤ q̇i → q̇i+1 = ϕ(ḟ(i))

)
∧
(
ϕ(ḟ(i)) 6≤ q̇i → q̇i+1 = q̇i

)]
.

Note that, for every i < ω, we have that 
 q̇i ∈ M [Ġ], but the names q̇i themselves
need not belong to M . However, we have a ‘local’ version of this:

Claim 3.3. For every n ∈ ω and every p ∈ P with dom(p(α, ·)) ⊇ n, there exists a
P-name q̇ ∈ M for a condition in Q̇ such that p 
 q̇ = q̇n.

Proof. The proof is by induction on n, with the case n = 0 being trivial. Suppose
the lemma holds for n and let p ∈ P be such that n + 1 ⊆ dom(p(α, ·)). By
the induction hypothesis, we can find q̇′n ∈ M , a P-name for a condition in Q̇,
so that p 
 q̇′n = q̇n. Since n ∈ dom(p(α, ·)), letting m := p(α, n) we have that
p 
 ḟ(n) = m. Note that


P ∃q ∈ Q̇ [(ϕ(m) ≤ q̇′n → q̇ = ϕ(m)) ∧ (ϕ(m) 6≤ q̇′n → q̇ = q̇′n)] .

Since all the parameters belong to M , by elementarity we can find q̇′n+1 ∈ M so
that 
P q̇′n+1 ∈ Q̇ and


P
[(
ϕ(m) ≤ q̇′n → q̇′n+1 = ϕ(m)

)
∧
(
ϕ(m) 6≤ q̇′n → q̇′n+1 = q̇′n

)]
.

Since p 
 q̇′n = q̇n, it follows that p 
 q̇′n+1 = q̇n+1. �

The sequence of names 〈q̇i : i < ω〉 is forced to be decreasing, so by countable
closure we can find a P-name for a condition q̇ω forced to be a lower bound of
〈q̇i : i < ω〉. We will argue that (p0, q̇ω) is strongly generic for M . To see this, fix
D a dense subset of (P ∗ Q̇)∩M , we will argue that every extension of (p0, q̇ω) can
be further extended to force D ∩ K̇ 6= ∅, where K̇ is a name for the P ∗ Q̇-generic
filter. Fix therefore (s, ṙ) ≤ (p0, q̇ω) and set s0 := s ∩ M , so that s0 ∈ M by
elementarity. Applying the claim to s and n := min{k ∈ ω : (α, k) 6∈ dom(s)}, we
can find q̇′n ∈ M a P-name for an element of Q̇ which satisfies s 
 q̇′n = q̇n. In
particular, (s0, q̇′n) is a condition in (P ∗ Q̇) ∩M , so, by the density of D, we can
find (t, u̇) ∈ D with (t, u̇) ≤ (s0, q̇

′
n). Since ϕ is a surjection, we can fix m ∈ ω with

ϕ(m) = u̇.
Set s′ := s ∪ t ∪ {(α, n,m)}. Since t ≤ s0 = s ∩ M and (α, n) 6∈ dom(s), s′

is a condition extending s. Therefore, (s′, ṙ) is a condition in P ∗ Q̇. We claim
that it, moreover, extends (t, u̇). Obviously, s′ ≤ t, so we only need to argue that
s′ 
 ṙ ≤ u̇. Note that

• s′ 
 ḟ(n) = m;
• t 
 u̇ ≤ q̇′n;
• s 
 q̇′n = q̇n;

so, by the choice of m,
s′ 
 ϕ(f(n)) = ϕ(m) = u̇ ≤ q̇n.

Therefore, s′ 
 q̇n+1 = u̇, and hence
s′ 
 ṙ ≤ q̇ω ≤ q̇n+1 = u̇.

We have shown that (s′, ṙ) ≤ (t, u̇). Since (t, u̇) ∈ D, in particular (s′, ṙ) 
 D∩K̇ 6=
∅, as desired. �
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Combining Proposition 3.1 and Lemma 3.2, we immediately obtain the following
result, first proved by Dow in [1, Lemma 3.3], and later strengthened (by a different
method) by Scheepers and Tall in [11, Corollary 12]

Corollary 3.4 (Dow). Let (X, τ) be a Lindelöf space. Then, in V Add(ω,ω1), X is
a Lindelöf space which is moreover indestructible under countably closed forcing.

Proof. The fact that X is Lindelöf in V Add(ω,ω1) follows by Proposition 3.1, because
Add(ω, ω1) is strongly proper for every countable M ≺ Hθ.

If Q̇ is an Add(ω, ω1)-name for a countably closed forcing, then the two-step
iteration Add(ω, ω1) ∗ Q̇ is strongly proper for stationarily many countable models
by Lemma 3.2, so the conclusion follows by Proposition 3.1. �

In [11, Problem 2], Scheepers and Tall ask whether adding a single Cohen real
renders every ground model Lindelöf space indestructible. We do not know the
answer to this question, but we can show that the strong properness machinery is
not enough to solve this problem. Indeed, not only was κ ≥ ω1 key in the proof of
Lemma 3.2, the statement is false if κ ≤ ω, as the next lemma shows:

Lemma 3.5. Let R := Add(ω, 1)∗ ˙Add(ω1, 1), θ a sufficiently large regular cardinal,
and M ≺ Hθ countable. Then no condition in R is strongly generic for M .

Proof. To see this, fix (p0, ṗ1) ∈ R; we need to argue that (p0, ṗ1) is not strongly
generic. Setting δ = M ∩ ω1, we may assume upon extending (p0, ṗ1) if necessary
that p0 
 dom(ṗ1) ⊇ δ.

Since Add(ω, 1) is countable, we can fix an enumeration 〈qα : α < δ〉 of the set
{q ∈ Add(ω, 1) : q ≤ p0} such that, for every q ≤ p0, the set {α < δ : qα = q} is
unbounded in δ.

Fix, for each α < δ, a condition rα ≤ qα and an integer kα so that rα 
 ṗ1(α) =
kα. Let D be the set{
(t0, ṫ1) ∈ M ∩ R : t0 ⊥ p0 ∨ ∃α < δ

[
t0 ≤ rα ∧ t0 
 (α ∈ dom(ṫ1) ∧ ṫ1(α) 6= kα)

]}
.

Claim 3.6. D is dense in M ∩ R

Proof. Fix (s0, ṡ1) ∈ M ∩ R. We may assume that s0 ≤ p0. Since Add(ω, 1) has
the ccc, there is a β < δ so that s0 
 dom(ṡ1) ⊆ β. Fix α ∈ δ \ (β + 1) so that
qα = s0. Now find a name ṡ2 ∈ M for an extension of ṡ1 so that s0 
 ṡ2(α) 6= kα.
Then (rα, ṡ2) ∈ D extends (s0, ṡ1). �

Finally, observe that, if (t0, ṫ1) ∈ D, then (t0, ṫ1) ⊥ (p0, ṗ1). Therefore, (p0, ṗ1) 

D ∩ K̇ = ∅, where K̇ is a name for the (Add(ω, 1) ∗ ˙Add(ω1, 1))-generic filter. �

4. Games

Here we prove our main result, which establishes Theorems A and B from the
introduction.

Theorem 4.1. Suppose that (X, τ) is a topological space and player II has a winning
strategy in one of the following games:

• the strong countable fan tightness game for X at x ∈ X;
• the Rothberger game for X;

Then this is preserved in any forcing extension of V .
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Proof. We will prove the theorem for the strong countable fan tightness game, the
proof for the Rothberger game is similar and left to the reader.

Let P be an arbitrary forcing notion. Given a point x ∈ X, let ax(X) denote
the strong countable fan tightness game for X at the point x. Recall that ax(X)
is a two-player game of length ω. In each round, player I first plays a set An ⊆ X
such that x ∈ cl(An); then player II plays a point xn ∈ An. Player II wins if
x ∈ cl({xn : n < ω}); otherwise, player I wins.

Let σ be a winning strategy for player II in ax(X). Concretely, σ is a function
such that dom(σ) is the set of all finite sequences ~A = 〈Ak : k ≤ n〉 such that each
Ak is a subset of X with x ∈ cl(Ak). For each such ~A, we have σ( ~A) ∈ An.

We aim to show that player II continues to have a winning strategy in ax(X)
in V P. Suppose that G ⊆ P is generic over V , and move to V [G]. We will define a
winning strategy σ∗ for player II in ax(X) by recursion on the length of the play.
We will ensure that, for a sequence ~A = 〈Ak : k ≤ n〉 such that each Ak is a subset
of X with x ∈ cl(Ak), the strategy outputs not only player II’s play σ∗( ~A) but also
auxiliary objects of the following type:

• a P-name Ȧn ∈ V such that (Ȧn)G = An;
• a condition pn ∈ G;
• A∗

n := {y ∈ X : ∃p′ ≤ pn p′ 
P y ∈ Ȧn}.
To help with the selection of these objects, fix in V a sufficiently large regular
cardinal θ and a wellordering C of H(θ).

Suppose that we are given a finite sequence ~A = 〈Ak : k ≤ n〉 of subsets of X
such that x ∈ cl(Ak) for all k ≤ n, and suppose that we have already specified
σ∗( ~A � m) for all m < n, as well as auxiliary objects Ȧk, pk, and A∗

k for all k < n.
Note that x ∈ cl(A∗

k) for all k < n.
First, let Ȧn be the C-least P-name for a subset of X such that (Ȧn)G = An.

Let qn be the C-least element of G such that, in V , we have qn 
P x ∈ cl(Ȧn). For
each p ≤ qn, let A∗

n,p be the set of all y ∈ X for which there exists p′ ≤ p such that
p′ 
P y ∈ Ȧn. Note that A∗

n,p ∈ V and x ∈ cl(A∗
n,p).

Claim 4.2. There exists p ≤ qn in G such that σ(〈A∗
k : k < n〉_〈A∗

n,p〉) ∈ An.

Proof. Suppose otherwise. We can then fix a condition p∗ ∈ G such that p∗ ≤ qn
and

p∗ 
 ¬∃p ≤ qn

(
p ∈ Ġ ∧ σ(〈A∗

k : k < n〉_〈A∗
n,p〉) ∈ Ȧn

)
.

Set y := σ(〈A∗
k : k < n〉_〈A∗

n,p∗〉). Since y ∈ A∗
n,p∗ , we can find p∗∗ ≤ p∗ such that

p∗∗ 
 y ∈ Ȧn.
Let G∗ be P-generic over V with p∗∗ ∈ G∗. Since p∗∗ ≤ p∗, it follows that

p∗ ∈ G∗, hence

V [G∗] |= ¬∃p ≤ qn

(
p ∈ G∗ ∧ σ(〈A∗

k : k < n〉_〈A∗
n,p〉) ∈ (Ȧn)G∗

)
.

On the other hand, p∗∗ 
 y ∈ Ȧn, hence

V [G∗] |=
(
p∗ ≤ qn ∧ p∗ ∈ G∗ ∧ σ(〈A∗

k : k < n〉_〈A∗
n,p∗〉) ∈ (Ȧn)G∗

)
.

This is a contradiction. �

Let pn be the C-least p satisfying the claim, and let A∗
n := {y ∈ X : ∃p′ ≤

pn(p
′ 
P y ∈ Ȧn)}. Finally, set σ∗( ~A) = σ(〈A∗

k : k ≤ n〉).
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In V , let σ̇∗ be a name for the strategy defined above. We claim that σ̇∗ is
forced to be a winning strategy for player II. Suppose not, and fix in V a sequence
〈Ḃn : n < ω〉 and a condition r ∈ P such that it is forced by r that

• for all n < ω, Ḃn is a subset of X and x ∈ cl(Ḃn);
• if 〈ẋn : n < ω〉 is the sequence produced by player II playing σ̇∗ against
〈Ḃn : n < ω〉, then x /∈ cl({ẋn : n < ω}).

By extending r further if necessary, we can in fact assume that there is an open set
U 3 x such that r 
P {ẋn : n < ω} ∩ U = ∅.

For n < ω, let ȧn, ṗn, and Ȧ∗
n be P-names forced by r to be equal to the auxiliary

objects3 Ȧn, pn, and A∗
n produced during the run of ax(X) in which player I plays

〈Ḃn : n < ω〉 and player II plays according to σ̇∗. Recursively define a decreasing
sequence 〈rn : n < ω〉 of conditions in P such that, for all n < ω, we have

• rn ≤ r;
• rn decides the values of ȧn, ṗn, and Ȧ∗

n, say as Ȧn, pn, and A∗
n;

• rn ≤ pn.
For each n < ω, note that A∗

n = {y ∈ X : ∃p′ ≤ pn p′ 
P y ∈ Ȧn}. Now
let 〈xn : n < ω〉 be the plays made by player II in a run of ax(X) in which
player I plays 〈A∗

n : n < ω〉 and player II plays according to σ. Because σ is a
winning strategy for player II, we have x ∈ cl({xn : n < ω}); in particular, there
is n < ω such that xn ∈ U . Now note that, by our definition of σ̇∗, rn forces that
〈xk : k ≤ n〉 is the sequence of the first (n + 1)-many moves made by player II in
the run of ax(X) in which player I plays 〈Ḃn : n < ω〉 and player II plays σ̇∗; i.e.,
for all k ≤ n, we have rn 
P ẋk = xk. Then xn ∈ U contradicts the fact that rn ≤ r
and r 
P {ẋi : i < ω} ∩ U = ∅. �

Remark 4.3. If we try to extend Theorem 4.1 to the countable fan tightness case,
we run into trouble with the proof of Claim 4.2, because player II makes more
than once choice in each round: if we let F := σ(〈A∗

k : k < n〉_〈A∗
n,p∗〉), then by

F ⊆ A∗
n,p∗ we can find, for each y ∈ Fn, some py ≤ p∗ with py 
 y ∈ Ȧn, but there

is no reason to believe that {py : y ∈ F} has a lower bound. In fact, Theorem 4.1
fails for the countable fan tightness game: let X = ω12 with the product topology,
and let Y = Cp(X). By [10, Example 4], player II has a winning strategy in the
countable fan tightness game for Y , but Y is not countably tight in V Add(ω1,1).
Therefore, by Lemma 2.4, in V Add(ω1,1), player II does not have a winning strategy
in the countable fan tightness game for Y .

Theorem 4.1 also fails for the Menger game. Again consider the space X = ω12
with the product topology. By Tychonoff’s theorem, X is compact, so player II
has a very simple winning strategy in the Menger game: if player I’s play at stage
0 is U0, then player II chooses a finite subcover F0, and plays arbitrarily at every
other stage of the game. On the other hand, by Example 1.2, X is not Lindelöf in
V Add(ω1,1), hence not Menger and, by Lemma 2.4, player II does not have a winning
strategy for the Menger game in V [G].

5. Open questions

While Theorems A and B are both quite general, referring to generic extensions
by arbitrary forcings, the proofs use the forcing machinery in a very strong way, so

3We caution the reader that ȧn is a name for a name.
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it seems unlikely that a minor modification of the previous arguments will establish
the analogous results for an arbitrary pair of transitive models V ⊆ W . This
suggests the following questions:

Question 5.1. Assume that 0] exists (or even that PFA holds). Is there a topological
space (X, τ) ∈ L so that for some x ∈ X, in L, player II has a winning strategy in
the strong countable fan tightness game, but II has no such strategy in the game as
played in the universe V ?

Question 5.2. Assume that 0] exists (or even that PFA holds). Is there a topological
space (X, τ) ∈ L so that, in L, player II has a winning strategy in the Rothberger
game, but II has no such strategy in the game as played in the universe V ?
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